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Introduction

Confinement of polymer chains is significant in industrial as well as biological
applications. For this reason, it has been extensivelly investigated, both
analytically as well as experimentally. Some of the questions answered in the
relevant literature, which I will be presenting here, are the following: What
is the free energy cost of squeezing a polymer chain in a confining tube.
How does confinement alter the radius of a polymer chain. Also, what effect
does the shape of the confining cavity have on the free energy. I will present
the solution to a fundamental 2D confinement of a single polymer chain
in a tube, as well as a sphere, to examine differences that might arise. To
illustrate the biological significance of this problem I will substitute numbers
to look at confinement of a DNA chain. Finally, increasing the complexity of
the problem, I will be looking at the osmotic pressure of constrained dilute
and semi-dilute polymer networks and investigating how it compares to the
corresponding osmotic pressure of unconstrained gels.
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2.1

Confinement of a single chain
Confinement within a 2D tube

We start by considering a chain of N segments, each segment being of size α.
The chain is immersed in a good solvent, and therefore swollen. Its radius
of gyration Rg is much smaller than the diameter of the tube d, in order for
the model to address vertical confinement. On the longitudinal dimension,
the chain is unrestrained. We follow the de Gennes1 derivation and first of
all set out to determine the length Rk that the chain will occupy within the
tube. A scaling argument associates this length to Rg and d as follows:
Rg
)
(1)
d
In the above scaling argument, function Φ ensures that Rk obeys the problem’s boundary conditions. When the tube diameter is much larger than
Rk = Rg Φ(

1

R

the polymer’s blob size, that is when dg → 0, then Φ(0) → 1. Accordingly,
when the tube size is smaller than the polymer’s blob size, that is when
Rg m
Rg
d → ∞, then Φ(∞) → ( d ) . Hence in the confinement case:
Rg m
)
(2)
d
To determine the exponent m, de Gennes presents the following reasoning:
Rg ≈ αN 3/5 , where α is the monomer size. Polymer confinement in a thin
tube is a one-dimenesional problem, hence Rk should be a linear function of
the number of monomers N. Therefore:
Rk = Rg (

Rk = αN 3/5 (

αN 3/5 m
)
d

(3)

α
⇒ Rk = αN ( )2/3
(4)
d
The confinement energy can be determined using a similar argument. Dimensional analysis requires that the energy be a function of the form:
Rg n
αN 3/5 n
) = kB T (
)
(5)
d
d
Looking at the problem from a ”blob” perspective, we consider the polymer
chain to be a sequence of tightly packed blobs which act as hard spheres. For
strong confinement, doubling the number of monomers N results in doubling
of the blobs. Hence, the energy of squeezing the chain within a thin tube
must be linear with N:
Fconf = kB T (

a
Fconf = kB T N ( )5/3 , tube
d

(6)

Figure 1: Confinement of a single polymer chain in a tube: the blob image.
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2.2

Confinement within a sphere

As far as polymer confinement goes, Grosberg & Khokhlov 3,2 deviated from
the planar geometry and calculated the energetic cost of squeezing a polymer
chain into a sphere. The derivation is not included here, but their expression
for the free energy has a much stronger dependence on the sphere diameter
d:
a
Fconf = kB T N ( )15/4 , sphere
d

2.3

(7)

Application: confining a DNA strand

As an application to the previous analysis, let us calculate the value of the
free energy for confining a DNA strand in cavities corresponding to the two
different geometries. A DNA strand can be as short as 50 µm (in a virus
capsid) and as long as 1.4 µm (in an eukaryotic cell). In number of base
pairs, these lengths correspond to a span of 160,000 to 4,200,000 base pairs.
To match this, we will use in our cursory simulation a monomer number
spanning from 105 to 106 , with a step of 103 . As monomer size α we will
be inputting the single base pair length which is 2 nm, from phosphate-tophosphate4 . Finally, nuclear diameter ranges from 10 to 22 µm, depending
on tissue type. Here we will consider three sample values: d = 10, 15 and
20 µm.

Figure 2: Free energy of confining a DNA strand within a tube, as a function
of DNA monomer number. The free energy is calculated for three values of
the tube diameter, corresponding to the three curves.
The plots illustrate the linear increase of the confinement energy as the
chain length increases. Moreover, the confinement energy cost decreases
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Figure 3: Free energy of confining a DNA strand within a sphere, as a
function of DNA monomer number. The free energy is calculated for three
values of the sphere diameter, corresponding to the three curves.
considerably as the recipient diameter increases. Perhaps the most notable
observation arising from these data is that the confinement energy within
a spherical geometry is considerably smaller (by a factor of 10−8 kB T ) than
the confinement energy in a planar, tube-like structure. This certainly correlates with the fact that nuclei have spherical shapes, although the excessive
difference between the two puts me in doubt as to whether there might be
a proportionality constant missing from equation [7].
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Confinement of a polymer network

Once he has unravelled the energy landscape of a single polymer chain in
confinement, de Gennes increases the complexity of the system by considering polymer solutions. In this section, single chain variables such as free
energy Fconf and polymerization degree N, are replaced by collective variables such as blob osmotic pressure Π and volume fraction of solution Φ.
Here I will first present the derivation for the osmotic pressure in an unconstrained polymer solution, and then present the scaling arguments that will
lead us from a solution in contact to a repulsive wall to a solution confined
within a tube. At the end of this section I hope to establish a link between
the tubular confinement of a single chain and that of a chain solution.
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3.1

Osmotic pressure in an unconstrained polymer solution

Polymers solutions are characterized dilute or semi-dilute depending on the
polymer’s concentration c. In dilute solutions, polymers essentially float
without making contact with their neighbors, whereas in semi-dilute solutions there is overlap between polymer chains. For every polymer solution
there is a critical concentration c∗ , termed overlap concentration, where the
system crosses over from the dilute to the semi-dilute regime. It comes as
no surprise that scaling laws governing the dilute regime are no longer valid
in the semi-dilute situation, and vice-versa. The most important distinction
between the two regimes is the invariance of semi-dilute solutions to the
degree of polymerization N. Indeed, N was a quantity present in free energy
and length calculations for the single polymer chain. However, once several
polymer chains overlap, the local energies, entropies and critical lengths are
entirely controlled by the concentration c. The overlap concentration c∗ in a
good solvent is a function of monomer length and degree of polymerization
N:
c∗ ≈

N
N
1
=
= 3 4/5
3
3
Rg
(αN )
α N

(8)

Also common in the semi-dilute regime is to refer to the polymer’s volume
fraction Φ, rather than the concentration, which is however related to the
concentration:
Φ = α3 c

(9)

Consequently the critical, overlap volume fraction is:
Φ∗ ≈
3.1.1

α3
= N −4/5
α3 N 4/5

(10)

Osmotic pressure in the dilute regime c < c∗

According to Flory, in this regime polymer coils behave essentially like hard
spheres, hence their osmotic pressure is of the form:
Π = kB T (
3.1.2

c
+ A2 c2 + ...)
N

(11)

Osmotic pressure in the semi-dilute regime c > c∗

In the semi-dilute regime a scaling law by des Cloizeaux yields the expression
for the osmotic pressure. This equation should comply with two rules. First,
it should return to the dilute law (eq.11) for c < c∗ , and second it should
manifest N invariance. Hence, it must be a function of the form:
Π = kB T
5

c
c
f( ∗ )
N c

(12)

When the ratio cc∗ << 1, then f ≈ 1 + A2 + .... However, when
then f = ( cc∗ )m . In that limit the osmotic pressure becomes:

c
c∗

>> 1,

c c m
( )
(13)
N c∗
We can easily substitute c and c∗ by Φ and Φ∗ due to (eq.9). Also, Φ∗ ∼
N −4/5 , so that the equation becomes:
Π = kB T

Π = kB T

Φ
Φ Φ m
Φ
( ) = kB T 3 ( −4/5 )m
α3 N Φ∗
α N N

(14)

kB T m+1 4m/5−1
Φ
N
(15)
α3
Now the value of the power m is determined by imposing the second condition: that N 4m/5−1 = N 0 = 1. Consequently m = 5/4 and the osmotic
pressure power law becomes:
⇒Π=

Π∼

kB T 9/4
Φ
α3

(16)

The proportionality constant in (eq.16) has been determined to be (3.2)−3 ,
so that the actual relation is 5 :
Π=

kB T
Φ9/4
(3.2α)3

(17)

For the purposes of this project however, numerical constants can be ignored.
3.1.3

Mesh size of a semi-dilute polymer solution

A popular property of semi-dilute solutions is their mesh-size. In fact the
mesh size is a quantity that can easily be determined experimentally by
embedding inert beads into polymer solutions of various concentrations. If
the polymer solution is depicted as a web-like structure, the mesh size is
simply the polymer-polymer distance which is strongly dependent on the
concentration of the solution. Dimensionally, the mesh size is a function of
the form:
ξ(Φ) = Rg (

Φ∗ m
N −4/5 m
) = (αN 3/5 )(
)
Φ
Φ

(18)

Again we have substituted Rg ∼ aN 3/5 and Φ∗ ∼ N −4/5 . By implementing
N 3/5−4m/5 = 1, the mesh size becomes:
ξ(Φ) = αΦ−3/4

(19)

Furthermore, we can write the osmotic pressure of the semi-dilute regime as
a function of the mesh size:
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Π∼

kB T
ξ3

(20)

Applying these results on in vitro systems of bio-polymers is a growing field
in soft matter physics. Time limitations did not allow me to go very far
into this for the present project, although in the case of DNA (matching
section 2.3), the mesh size has been experimentally measured6 . According
to these measurements, a scaling behavior of the form ξ ∼ Φ−3/4 (eq.19),
is only confirmed for a small range of DNA-polymer concentration. As the
concentration increases beyond that and the solution becomes more and
more entangled, the scaling law obeyed becomes ξ ∼ Φ−1/2 and eventually
ξ ∼ Φ−1 !

3.2

Osmotic pressure in a polymer solution in contact with
a repulsive wall

After this somewhat long parenthesis about the properties of unconstrained
polymer solutions, we can proceed to consider constrained polymer networks.
First, let us consider the simple case of a semi-dilute polymer solution in contact with a repulsive wall. Simple intuition suggests that the first polymer
layer, right next to the wall, will have lower concentration than subsequent
layers further from the wall. Let us name the first layer concentration Φ1 .
Intuitively, the osmotic pressure at that point should be directly proportional to the number of direct contacts between the monomer and surface,
i.e. to the first layer concentration Φ1 :
kB T
Φ1
(21)
α3
As far as the osmotic pressure in the subsequent solution layers goes, de
Gennes makes an ingenuous argument: he argues that it will be similar to
the osmotic pressure of the first layer. That is:
Π≈

kB T
Φ(z)
(22)
α3
However, Φ will no longer be constant for a given solution, but rather a
concentration profile depending on our position z in the solution. In mathematical terms, Φ will be:
!
Φ(z) = Φ( zξ )m , zξ << 1
z
Φ(z) = Φ,
ξ >> 1
Π∼

Where Φ is the concentration of the bulk solution. The power m can be
calculated by imposing the boundary condition z=α. In this limit Φ(z)
corresponds to the bulk concentration regime, that is Φ(α) = Φ9/4 , and is
related to the mesh size via (eq.19). Hence:
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α
Φ(z = α) = Φ9/4 = Φ( )m
ξ

(23)

α
⇒ Φ = ( )4m/5
ξ

(24)

α
Φ = ( )4/3
ξ

(25)

From (eq.19) we obtain:

Equating the two yields m = 5/3, the inverse of the Flory exponent. Is that
a coincidence? Summing up this section, the osmotic pressure in internal
layers of a semi-dilute polymer solution n contact with a repulsive wall is:
!
Π = kαB3T Φ( zξ )5/3 , zξ << 1
z
Π = kαB3T Φ,
ξ >> 1

3.3

Osmotic pressure in a polymer solution enclosed in a
cylindrical pore

Advancing a step further in confinement, we consider the osmotic pressure
of a polymer solution enclosed in a cylindrical pore of diameter d. As was
the case when confining a single chain, the diameter of the cylinder should
be smaller than the chain’s radius of gyration Rg , for confinement effects to
set in. At this point de Gennes goes back to the behavior of a single chain
in confinement and asks how the situation gets modified when we increase
the concentration of chains. Here a distinction has to be made between the
case of the dilute and the semi-dilute confined polymer network.

Figure 4: Confinement of a polymer solution in a cylindrical pore.

3.3.1

Dilute regime c < c∗1

In the dilute regime, polymer chains are not overlapping and the degree
of polymerization N is still influencing the osmotic pressure of the system.
The system still behaves like a 1D gas of hard rods, whose effective length
8

due to confinement is Rk , less than their natural length Rg . Since N is still
relevant it comes as no surprise that in this regime the results from the single
chain confinement are also relevant and find their way into this picture. The
volume of the cylindrical pore is V = lπ( d2 )2 = πdl
4 . Based on this, the
number of chains per unit length within the pore is:
#
πd2 c
=
(26)
l
4 N
Where c is the average concentration of the solution. Remember that Rk =
αN ( ad )2/3 is the length occupied by a single chain confined in a tube, initially
derived in section 2.1. Now, the fraction of the tube containing a polymer
chain is defined by de Gennes as:
ψ=

πd2 c
c
Rk ≈ ∗
4 N
c1

(27)

Here c∗1 is the overlap concentration for which the system will pivot from a
dilute to a semi-dilute regime. Solving the above for c∗1 yields:
c∗1 ≈

N
1 a
= 3 ( )4/3
d2 Rk
α d

(28)

In the dilute regime the osmotic pressure will obey hard sphere law (eq.11),
although scaled to account for the confinement:
Π=

ckB T 1
N 1−ψ

(29)

1
Factor 1−ψ
accounts for steric hindrance between the different rods. As
ψ → 1, the rods begin to interpenetrate, that is we meet the semi-dilute
regime and (eq.29) is no longer valid.

3.3.2

Semi-dilute regime c > c∗1

In this regime the degree of polymerization no longer influences the local
network properties. Surprisingly enough, confinement does not seam to
influence things either! De Gennes starts the discussion of this regime by
calculating the mesh size ξ. In the entangled case, it is more practical to
work with volume fractions rather than concentrations, so from (eq.19) we
have:
ξ = αΦ−3/4 = α(

Φ∗ 3/4 ∗ −3/4
) (Φ )
Φ

Φ∗ 3/4 3 ∗ −3/4
) (α c1 )
Φ
Plugging in c∗1 from (eq.28) yields:
⇒ ξ = α(

9

(30)
(31)

Φ∗ 3/4
)
(32)
Φ
The surprising conclusion, emanating from the mesh size relation, is that in
the semi-dilute regime where Φ > Φ∗1 , the mesh size of the polymer solution
will consequently be ξ < d. In other words, due to entanglement the polymer
blobs are smaller than the tube diameter and the polymer gel does not feel
the confinement! The osmotic pressure of this regime is still given by (eq.16):
⇒ ξ = d(

kB T 9/4
Φ , (1 > Φ > Φ∗ )
(33)
α3
With the exception of the outer first layers that will inevitably have a lower
volume fraction and will obey laws outline in section 3.2, semi-dilute polymer
solutions resist confinement!
Π∼

4

Conclusions

In this project we went through the influence of confining barriers both on
single polymer chains as well as polymer solutions. For the single chain we
showed that the confining geometry greatly influences the free energy cost
of confinement. Plotting this energy as a function of polymerization degree,
both for planar cylindrical confinement as well as spherical, illustrated this
point in the case of a DNA bio-polymer strand. Proceeding to polymer gels,
we first presented derivations for the osmotic pressure and mesh size in bulk
solutions. We showed that the concentration of the polymer solution, either dilute or semi-dilute, significantly influences these properties. Next we
considered a semi-dilute solution constrained by a single non-repulsive wall.
The osmotic pressure in this case is a function of the concentration profile
of the solution, which shifts with the distance from the wall z. Finally, confining a polymer solution in a cylindrical pore showed that the confinement
influences the system very differently depending on concentration. For dilute solutions, the model borrows properties both from the single confined
chain case, as well as from the unrestrained dilute solution situation. For
semi-dilute solutions, the gel entanglements are smaller than the confining
dimension d, hence the confinement is not ’felt’ by the bulk of the gel.
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