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We investigate the statistical mechanics of long developable ribbons of finite width and very small
thickness. The constraint of isometric deformations in these ribbonlike structures that follows from the
geometric separation of scales introduces a coupling between bending and torsional degrees of freedom.
Using analytical techniques and Monte Carlo simulations, we find that the tangent-tangent correlation
functions always exhibit an oscillatory decay at any finite temperature implying the existence of an
underlying helical structure even in the absence of a preferential zero-temperature twist. In addition, the
persistence length is found to be over 3 times larger than that of a wormlike chain having the same
bending rigidity. Our results are applicable to many ribbonlike objects in polymer physics and nanoscience that cannot be described by the classical wormlike chain model.
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A shell or plate is a body whose two dimensions are
comparable to each other and much larger than the third. A
rod, on the other hand, is a body whose two dimensions are
comparable to each other and much smaller than the third.
In each of these objects, this separation of scales leads to
constraints and an energetic ordering of the different possible deformations such as bending, twisting, stretching
and shearing, and there are well accepted continuum and
statistical theories of their behavior. There is, finally, an
intermediate class of objects where all three dimensions
are widely separated from each other, which we call strips
or ribbons.
An example of such a chimeric object is a rectangular
sheet of paper of large aspect ratio (see Fig. 1); its thickness
is much smaller than its width which is itself much smaller
than its length. The nanoscale world offers a number of
compelling examples of these ribbonlike structures such as
DNA, the secondary structures of proteins such as ! helices and " sheets, carbon (graphene) and molybdenum
ribbons, etc. A classical theoretical approach to the study
of these filamentous objects is embodied in the wormlike
chain (WLC) model [1], in which the polymer is assumed
to have an inextensible backbone, but with a flexibility
governed by the persistence length ‘p which expresses the
exponential rate of decay of a tangent-tangent correlation
function. Its relative simplicity and precision in describing
the entropic elasticity of many semiflexible polymers has
made it very attractive as an object of theoretical study.
However, the accuracy of the WLC model for finite width
biopolymers is still debated and a number of alternatives
have been proposed to account for the torsional rigidity, the
excluded volume and other features associated with a finite
width [2–4]. In this Letter we consider a model for the
statistical mechanics of ribbonlike objects based on a
classical geometric formulation of developable surfaces.
In the limit when the thickness of a ribbon is much less
than its width which is itself much less than its length, we
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can define a center line. Then isometric deformations of the
ribbon (i.e., those that preserve local distances so that the
metric tensor is always Euclidean, gij ¼ #ij ) can be described in terms of the orientation of the generators of the
developable surface relative to the center line [5] and
account for the finite width of the ribbon. Because of its
tensorial nature, developability strongly constrains the allowable deformations of a ribbon in a fundamentally different way than other milder constraints such as the
‘‘railway-track’’ models of polymers [3]. The most striking
consequence of this, illustrated in Fig. 1, is that a developable ribbon can bend without twisting but cannot twist
without bending, which as we shall see has far reaching
consequences.
To characterize a ribbon, we first consider the geometry
of its center line in terms of the Frenet frame ðt; n; bÞðsÞ of
the tangent, normal and binormal vector at each point
along the curve parametrized by arc-length coordinate s
[6]. This orthogonal triad evolves in space according to the
Frenet-Serret equations:
t 0 ¼ $n;

n0 ¼ $$t þ %b;

b0 ¼ $%n;

FIG. 1 (color online). A twisted paper ribbon. In presence of
twist the ribbon necessarily develops a nonzero curvature, as
required by the Sadowsky functional. The Frenet frame (t, n, b)
and the material frame (d1 , d2 , d3 ) are sketched in red and green,
respectively. For a developable ribbon, the two frames coincide,
so that the twist of the material frame and the torsion of the
center line are identical.
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